Continuous K-G-Frame in Hilbert Spaces by Alizadeh, E. et al.
ar
X
iv
:1
71
2.
03
43
4v
2 
 [m
ath
.FA
]  
13
 M
ay
 20
19
CONTINUOUS K-G-FRAMES IN HILBERT SPACES
E. ALIZADEH, A. RAHIMI, E. OSGOOEI, AND M. RAHMANI
Abstract. In this paper, we intend to introduce the concept of c-K-g-
frames, which are the generalization of K-g-frames. In addition, we prove
some new results on c-K-g-frames in Hilbert spaces. Moreover, we define
the related operators of c-K-g frames. Then, we give necessary and suffi-
cient conditions on c-K-g-frames to characterize them. Finally, we verify
perturbation of c-K-g-frames.
1. Introduction
Frames (discrete frames) were introduced by Duffin and Schaeffer in 1952 [7]
for studying some profound problems in nonharmonic Fourier series. Discrete
and continuous frames arise in many applications in both pure and applied
mathematics and in particularly frame theory has been extensively used in
many fields such as filter bank theory, signal and image processing, coding and
communications [18] and other areas.
Over the years, various extensions of the frame theory have been investigated.
Several of these are contained as special cases of the elegant theory for g-frames
that was introduced in [13, 19]. For example, one can consider: bounded quasi-
projectors, fusion frames, pseudo-frames, oblique frames, outer frames and etc.
Frames and their relatives are most often considered in the discrete case,
for instance in signal processing [7]. However, continuous frames have also
been studied and offer interesting mathematical problems. They have been
introduced originally by Ali, Gazeau and Antoine [2] and also, independently,
by Kaiser [12]. Since then, several papers dealt with various aspects of the
concept, see for instance [8, 9] or [4, 15, 16, 17]. By combining the above men-
tioned extensions of frames, the new and more general notion called continuous
g-frame has been introduced in [1].
Traditionally, frames were studied for the whole space or for the closed sub-
space. Gavruta in [10] gave another generalization of frames namely K-frames,
which allows to reconstruct elements from the range of a linear and bounded
operator in a Hilbert space. In general, range is not a closed subspace. K-
frames allow us in a stable way, to reconstruct elements from the range of a
linear and bounded operator in a Hilbert space.
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K-g-frames have been introduced in [3, 11] and some properties and char-
acterizations of K-g-frames has been obtained, for more information on K-g-
frames, the reader can check [11, 20]. In this paper, we generalize some results
in [11] and [20] to continuous version of frames.
Throughout this paper, H, (Ω, µ) and {Hω}ω∈Ω will be a separable Hilbert
space, a measure space and a family of Hilbert spaces, respectively and K is a
bounded linear operator on H . At first we review some definitions and results
about g-frames.
Definition 1.1. Let K ∈ B(H). A sequence {fn}∞n=1 is called a K-frame for
H , if there exist constants A,B > 0 such that
A‖K∗f‖2 ≤
∞∑
n=1
|〈f, fn〉|2 ≤ B‖f‖2, f ∈ H. (1.1)
We call A,B the lower and the upper frame bounds of K-frame {fn}∞n=1, re-
spectively. If only the right inequality (1.1) holds, {fn}∞n=1 is called a Bessel
sequence. If K = I, then it is just the ordinary frame.
Definition 1.2. Let K ∈ B(H) and Λ = {Λi ∈ B(H,Hi) : i ∈ I}. We call
Λ a K-g-frame for H with respect to {Hi}i∈I , or simply, a K-g-frame for H , if
there exist constants A,B > 0 such that
A‖K∗f‖2 ≤
∑
i∈I
‖Λif‖2 ≤ B‖f‖2, f ∈ H. (1.2)
The constants A,B are called the lower and upper bounds of K-g-frame, re-
spectively.
Remark 1.3. Every K-g-frame is a g-Bessel sequence for H . If K = I, K-g-
frame is a g-frame.
Denote the representation space l2
(
{Hi}i∈I
)
by
l2
(
{Hi}i∈I
)
=
{
{ai}i∈I : ai ∈ Hi, i ∈ I,
∑
i∈I
‖ai‖2 <∞
}
.
We define the bounded linear operator T : l2
(
{Hi}i∈I
)
−→ H as follows
T
(
{gi}i∈I
)
=
∑
i∈I
Λ∗i gi, {gi}i∈I ∈ l2
(
{Hi}i∈I
)
.
Theorem 1.4. ([14]). The family Λ = {Λi ∈ B(H,Hi) : i ∈ I} is a g-Bessel
sequence for H with bound B if and only if the operator
T : l2
(
{Hi}i∈I
)
−→ H
T
(
{gi}i∈I
)
=
∑
i∈I
Λ∗i gi
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is a well-defined and bounded operator with ‖T‖ ≤ √B.
The adjoint operator T ∗ : H −→ l2
(
{Hi}i∈I
)
is given by
T ∗f = {Λif}i∈I , f ∈ H.
By composing T with its adjoint T ∗, we obtain the bounded linear operator
S : H −→ H , as follows
Sf = TT ∗f =
∑
i∈I
Λ∗iΛif, f ∈ H.
We call T , T ∗ and S the synthesis operator, analysis operator and frame op-
erator of K-g-frame, respectively. These operators play important roles in
studying of K-g-frame theory.
Lemma 1.5. ([7]). Let H ′ be a complex Hilbert space. Suppose that U :
H −→ H ′ is a bounded linear operator with closed range R(U). Then there
exists a unique bounded linear operator U † : H ′ −→ H satisfying
N(U †) = R(U)⊥, R(U †) = N(U)⊥, UU †f = f, f ∈ R(U).
The operator U † is called the pseudo-inverse operator of U .
Lemma 1.6. ([11]). Let {Λi}i∈I be a g-Bessel sequence for H with respect to
{Hi}i∈I . Then {Λi}i∈I is a K-g-frame for H with respect to {Hi}i∈I if and only
if there exists a constant A > 0 such that S ≥ AKK∗, where S is the frame
operator for {Λi}i∈I .
Definition 1.7. ([1]). Let Πω∈ΩHω = {f : Ω −→ ∪ω∈ΩHω : f(ω) ∈ Hω}.
We say that F ∈ Πω∈ΩHω is strongly measurable if F as a mapping of Ω to
⊕ω∈ΩHω is measurable.
Continuous g-frames are defined as below:
Definition 1.8. ([1]). We say that Λ = {Λω ∈ B(H,Hω) : ω ∈ Ω} is a
continuous generalized frame or simply a continuous g-frame for H with respect
to {Hω}ω∈Ω, if
(i) for each f ∈ H, {Λωf}ω∈Ω is strongly measurable,
(ii) there exist two constants A,B such that
A‖f‖2 ≤
∫
Ω
‖Λωf‖2dµ(ω) ≤ B‖f‖2 , f ∈ H. (1.3)
A and B are called the lower and upper continuous g-frame bounds, respec-
tively.
Theorem 1.9. ([1]). Let {Λω}ω∈Ω be a continuous g-frame for H with respect
to {Hω}ω∈Ω with frame bounds A, B. Then, there exists a unique positive and
invertible operator S : H −→ H such that for each f, g ∈ H ,
〈Sf, g〉 =
∫
Ω
〈f,Λ∗ωΛωg〉dµ(ω)
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and AI ≤ S ≤ BI.
Definition 1.10. Let(
⊕ω∈Ω Hω, µ
)
L2
=
{
F ∈
∏
ω∈Ω
Hω : F is strongly measurable,
∫
Ω
‖F (ω)‖2dµ(ω) <∞
}
,
with inner product given by
〈F,G〉 =
∫
Ω
〈F (ω), G(ω)〉dµ(ω).
It can be proved that
(
⊕ω∈ΩHω, µ
)
L2
is a Hilbert space ([1]). We will denote
the norm of F ∈
(
⊕ω∈Ω Hω, µ
)
L2
by ‖F‖2.
Theorem 1.11. ([1]). Let {Λω}ω∈Ω be a continuous g-Bessel family for H with
respect to {Hω}ω∈Ω with bound B. Then the mapping T of(
⊕ω∈ω Hω, µ
)
L2
to H defined by
〈TF, g〉 =
∫
Ω
〈Λ∗ωF (ω), g〉dµ(ω), F ∈
(
⊕ω∈Ω Hω, µ
)
L2
, g ∈ H,
is linear and bounded with ‖T‖ ≤ √B. Furthermore for each g ∈ H and
ω ∈ Ω,
T ∗(g)(ω) = Λωg.
2. Continuous K-g-frame
In this section, we introduce the continuous version of K-g-frames.
Definition 2.1. Suppose that (Ω, µ) is a measure space with positive measure
µ and K ∈ B(H). A family Λ = {Λω ∈ B(H,Hω) : ω ∈ Ω}, which {Hω}ω∈Ω
is a family of Hilbert spaces, is called a continuous K-g-frame, or simply, a
c-K-g-frame for H with respect to {Hω}ω∈Ω, if
(i) for each f ∈ H ; {Λωf}ω∈Ω is strongly measurable,
(ii) there exist constants 0 < A ≤ B <∞ such that
A‖K∗f‖2 ≤
∫
Ω
‖Λωf‖2dµ(ω) ≤ B‖f‖2, f ∈ H. (2.1)
The constants A, B are called lower and upper c-K-g-frame bounds,
respectively.
If A, B can be chosen such that A = B, then {Λω}ω∈Ω is called a tight c-K-g-
frame and if A = B = 1, it is called Parseval c-K-g-frame. A family {Λω}ω∈Ω
is called a c-g-Bessel family if the right hand inequality in (2.1) holds. In this
case, B is called the Bessel constant.
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Every c-K-g-frame is a c-g-Bessel family for H with respect to {Hω}ω∈Ω.
When K = I, a c-K-g-frame is a c-g-frame as defined in Definition 1.8.
Example 2.2. Suppose that H is an infinite dimensional separable Hilbert
space and {en}∞n=1 is an orthonormal basis for H . Define the operator K ∈
B(H) as follow:
Ke2n = e2n + e2n−1; Ke2n−1 = 0, n = 1, 2, ... .
For each f ∈ H , we have
Kf = K
( ∞∑
n=1
〈f, en〉en
)
= K
( ∞∑
n=1
〈f, e2n〉e2n +
∞∑
n=1
〈f, e2n−1〉e2n−1
)
=
∞∑
n=1
〈f, e2n〉(e2n + e2n−1).
By an easy calculation, the adjoint operator K∗ is given by
K∗f =
∞∑
n=1
〈f, e2n + e2n−1〉e2n, f ∈ H.
Also,
‖K∗f‖2 = ∥∥ ∞∑
n=1
〈f, e2n + e2n−1〉e2n
∥∥2 = ∞∑
n=1
|〈f, e2n + e2n−1〉|2
≤ 2
∞∑
n=1
|〈f, e2n〉|2 + 2
∞∑
n=1
|〈f, e2n−1〉|2 ≤ 4‖f‖2,
So
‖K∗f‖2 ≤
∞∑
n=1
|〈f, e2n + e2n−1〉|2 ≤ 4‖f‖2,
that is, {fn}∞n=1 = {e2n+e2n−1}∞n=1 is a K-frame for H . Now, let (Ω, µ) be a σ-
finite measure space with infinite measure and {Hω}ω∈Ω be a family of Hilbert
spaces. Since Ω is σ-finite, it can be written as a disjoint union Ω =
⋃
Ωk of
countably many subsets Ωk ⊆ Ω such that µ(Ωk) <∞ for all k ∈ N. Without
less of generality, assume that µ(Ωk) > 0 for all k ∈ N. For each ω ∈ Ω, define
the operator Λω : H −→ Hω by
Λω(f) =
1
µ(Ωk)
〈f, fk〉hω, f ∈ H,
where k is such that ω ∈ Ωk and hω is an arbitrary element of Hω such that
‖hω‖ = 1. For each f ∈ H , {Λωf}ω∈Ω is strongly measurable (since hω’s are
fixed) and ∫
Ω
‖Λωf‖2dµ(ω) =
∞∑
n=1
|〈f, fn〉|2.
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Therefore
‖K∗f‖2 ≤
∫
Ω
‖Λωf‖2dµ(ω) =
∞∑
n=1
|〈f, fn〉|2 ≤ 4‖f‖2,
that is, {Λωf}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω.
Definition 2.3. Suppose that {Λω}ω∈Ω is a c-K-g-frame for H with respect to
{Hω}ω∈Ω with frame bounds A, B. We define S : H −→ H by
〈Sf, g〉 =
∫
Ω
〈f,Λ∗ωΛωg〉dµ(ω), f, g ∈ H,
and we call it the c-K-g-frame operator.
The following Lemma characterizes a c-K-g-frame by its frame operator.
Lemma 2.4. Let {Λω}ω∈Ω be a c-g-Bessel family forH with respect to {Hω}ω∈Ω.
Then {Λω}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω if and only if
there exists constant A > 0 such that S ≥ AKK∗, where S is the frame opera-
tor of {Λω}ω∈Ω.
Proof. The family {Λω}ω∈Ω is a c-K-g-frame for H with bound A, B if and
only if
A‖K∗f‖2 ≤
∫
Ω
‖Λωf‖2dµ(ω) ≤ B‖f‖2, f ∈ H,
that is
〈AKK∗f, f〉 ≤ 〈Sf, f〉 ≤ 〈Bf, f〉, f ∈ H,
where S is the c-K-g-frame operator of {Λω}ω∈Ω. Therefore, the conclusion
holds. 
Theorem 2.5. Let (Ω, µ) be a measure space, where µ is σ-finite. Suppose
that {Λω ∈ B(H,Hω) : ω ∈ Ω} is a family of operators such that {Λωf}ω∈Ω
is strongly measurable for each f ∈ H and K ∈ B(H). Then {Λω}ω∈Ω is a
c-K-g-frame for H with respect to {Hω}ω∈Ω if and only if the operator
T :
(
⊕ω∈Ω Hω, µ
)
L2
−→ H
weakly defined by
〈TF, g〉 =
∫
Ω
〈Λ∗ωF (ω), g〉dµ(ω), F ∈
(
⊕ω∈Ω Hω, µ
)
L2
, g ∈ H,
is bounded and R(K) ⊆ R(T ).
Proof. Let {Λω}ω∈Ω be a c-K-g-frame. By Theorem 1.11, T is a bounded
operator. By Lemma 2.4, for each f ∈ H ,
〈AKK∗f, f〉 = A‖K∗f‖2 ≤ 〈Sf, f〉 = 〈TT ∗f, f〉.
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Thus by Theorem 1 of [6], R(K) ⊆ R(T ). Now suppose T is a bounded and
R(K) ⊆ R(T ). Let g ∈ H , F ∈
(
⊕ω∈Ω Hω, µ
)
L2
, then
〈F, T ∗g〉 = 〈TF, g〉 =
∫
Ω
〈Λ∗ωF (ω), g〉dµ(ω).
By Lemma 2.10 of [1], T ∗g ∈
(
⊕ω∈Ω Hω, µ
)
L2
, where T ∗g(ω) = Λωg, ω ∈ Ω.
Therefore
‖T ∗g‖2 =
∫
Ω
‖Λωg‖2dµ(ω) ≤ ‖T‖2‖g‖2,
so {Λω}ω∈Ω is a c-g-Bessel. Now we show that {Λω}ω∈Ω has the lower c-K-g-
frame condition. Since R(K) ⊆ R(T ), by Theorem 1 of [6], there exists A > 0,
such that
KK∗ ≤ ATT ∗.
Hence,
1
A
‖K∗f‖2 ≤ ‖T ∗f‖2 =
∫
Ω
‖Λωf‖2dµ(ω), f ∈ H.

Note that, the frame operator of a c-K-g-frame is not positive and invertible on
H in general, but we can show that under some conditions, it is positive and
invertible on the subspace R(K) ⊆ H . In fact, by assumption, R(K) is closed,
due to Lemma 1.5, there exists pseudo-inverse K† of K such that KK†f = f ,
f ∈ R(K), therefore, S is positive and invertible.
3. Main results of c-K-g-frames
At first, we give the following equivalent characterization of c-K-g-frames.
Theorem 3.1. Let K ∈ B(H). Then the following statements are equivalent.
(1) {Λω}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω.
(2) {Λω}ω∈Ω is a c-g-Bessel family for H with respect to {Hω}ω∈Ω and there
exists a c-g-Bessel family {Γω}ω∈Ω for H with respect to {Hω}ω∈Ω such
that
[〈Kf, h〉 =
∫
Ω
〈Λ∗ωΓωf, h〉dµ(ω) , f, h ∈ H.] (3.1)
Proof. (1)⇒ (2) There are constants A,B > 0 such that
A‖K∗f‖2 ≤
∫
Ω
‖Λωf‖2dµ(ω) ≤ B‖f‖2, f ∈ H,
Since
KK∗ ≤ 1
A
TΛT
∗
Λ
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by Theorem 1 in [6], there exists a bounded operator Γ ∈ B
(
H, (⊕ω∈ΩHω, µ)L2
)
such that K = TΛΓ. Now for each ω ∈ Ω and h ∈ H , define
Γω : H −→ Hω
Γω(h) = (Γh)(ω),
we have ∫
Ω
‖Γωh‖2dµ(ω) =
∫
Ω
‖(Γh)(ω)‖2dµ(ω) = ‖Γh‖2 ≤ ‖Γ‖2‖h‖2.
So {Γω}ω∈Ω is a c-g-Bessel family.
Also, we have
Kf = TΛΓf = TΛ
(
{(Γf)(ω)}ω∈Ω
)
, f ∈ H,
hence
〈Kf, h〉 =
∫
Ω
〈Λ∗ωΓωf, h〉dµ(ω), f, h ∈ H.
(2) ⇒ (1) It is enough to show that {Λω}ω∈Ω has the lower frame condition.
Set f = K∗h in (3.1), so
〈KK∗h, h〉 = |〈K∗h,K∗h〉| = |
∫
Ω
〈Λ∗ωΓωK∗h, h〉dµ(ω)|
= |
∫
Ω
〈ΓωK∗h,Λωh〉dµ(ω)|
≤
∫
Ω
|〈ΓωK∗h,Λωh〉|dµ(ω)
≤
∫
Ω
‖ΓωK∗h‖‖Λωh‖dµ(ω)
≤
(∫
Ω
‖ΓωK∗h‖2dµ(ω)
)1
2
( ∫
Ω
‖Λωh‖2dµ(ω)
)1
2
≤ (B‖K∗h‖2) 12
(∫
Ω
‖Λωh‖2dµ(ω)
)1
2
,
where B is the Bessel constant of {Γω}ω∈Ω. Hence
1√
B
‖K∗h‖ ≤
(∫
Ω
‖Λωh‖2dµ(ω)
)1
2
.

Note that {Λω}ω∈Ω and {Γω}ω∈Ω are not interchangeable in general. How-
ever, if we strengthen the condition, there exists another type of dual such that
{Λω}ω∈Ω and a family {Θω}ω∈Ω introduced by {Γω}ω∈Ω are interchangeable in
the subspace R(K) of H .
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Theorem 3.2. Let K ∈ B(H), K be with closed range, {Λω}ω∈Ω and {Γω}ω∈Ω
be two c-g-Bessel families as in (3.1). Then there exists a family {Θω}ω∈Ω such
that
〈f, h〉 =
∫
Ω
〈Λ∗ωΘωf, h〉dµ(ω), f ∈ R(K) , h ∈ H
where Θω = Γω
(
K†|R(K)
)
. Furthermore, {Λω}ω∈Ω and {Θω}ω∈Ω are inter-
changeable for any f ∈ R(K).
Proof. By the assumption, R(K) is closed, there exists pseudo-inverse K† of
K such that f = KK†f , f ∈ R(K). We have from (3.1) that
〈f, h〉 = 〈KK†f, h〉 =
∫
Ω
〈Λ∗ωΓωK†f, h〉dµ(ω), f ∈ R(K),
where {Λω}ω∈Ω and {Γω}ω∈Ω are c-g-Bessel families for H with respect to
{Hω}ω∈Ω and satisfy (3.1). Now, let Θω = Γω
(
K†|R(K)
)
. Since
K†|R(K) : R(K) −→ H and Γω : H −→ Hω, so we have Θω : R(K) −→ Hω.
For any f ∈ R(K), K†f ∈ H , so∫
Ω
‖Θωf‖2dµ(ω) =
∫
Ω
‖ΓωK†f‖2dµ(ω) ≤ B‖K†f‖2 ≤ B‖K†‖2‖f‖2.
Hence, {Θω}ω∈Ω is a c-g-Bessel family for R(K) with respect to {Hω}ω∈Ω. Now,
we show that {Λω}ω∈Ω and {Θω}ω∈Ω are interchangeable on R(K). In fact, for
any f, h ∈ R(K), we have
〈f, h〉 =
∫
Ω
〈Λ∗ωΘωf, h〉dµ(ω) =
∫
Ω
〈Θ∗ωΛωh, f〉dµ(ω),
that is
〈h, f〉 =
∫
Ω
〈Θ∗ωΛωh, f〉dµ(ω).
Hence
〈f, h〉 =
∫
Ω
〈Θ∗ωΛωf, h〉dµ(ω), f, h ∈ R(K).

Theorem 3.3. Let K ∈ B(H) and {Λω}ω∈Ω be a c-g-frame for H with respect
to {Hω}ω∈Ω. Then {ΛωK∗}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω.
Proof. By Theorem 3.1, it suffices to show that {ΛωK∗}ω∈Ω is a c-g-Bessel
family and there exists a c-g-Bessel family {Γω}ω∈Ω such that
〈Kf, h〉 =
∫
Ω
〈(ΛωK∗)∗Γωf, h〉dµ(ω), f, h ∈ H,
By the assumption, {Λω}ω∈Ω is a c-g-frame, so by Theorem 2.4 in [1], we have
〈f, g〉 =
∫
Ω
〈Λ∗ωΛωS−1f, g〉dµ(ω), f, g ∈ H, (3.2)
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where S is the c-g-frame operator for {Λω}ω∈Ω and {ΛωS−1}ω∈Ω is the canonical
dual of {Λω}ω∈Ω. For any f ∈ H , we have K∗f ∈ H . Then, it follows that∫
Ω
‖ΛωK∗f‖2dµ(ω) ≤ B‖K∗f‖2 ≤ B‖K∗‖2‖f‖2.
Therefore {ΛωK∗}ω∈Ω is a c-g-Bessel family for H with respect to {Hω}ω∈Ω.
By (3.2), we have
〈Kf, g〉 = 〈f,K∗g〉 =
∫
Ω
〈Λ∗ωΛωS−1f,K∗g〉dµ(ω)
=
∫
Ω
〈KΛ∗ωΛωS−1f, g〉dµ(ω)
=
∫
Ω
〈(ΛωK∗)∗ΛωS−1f, g〉dµ(ω),
Set Γω = ΛωS
−1, we see that
〈Kf, g〉 =
∫
Ω
〈(ΛωK∗)∗Γωf, g〉dµ(ω), f, g ∈ H.

Theorem 3.4. If T,K ∈ B(H) and {Λω}ω∈Ω is a c-K-g-frame for H with
respect to {Hω}ω∈Ω, then {ΛωT ∗}ω∈Ω is a c-TK-g-frame for H with respect to
{Hω}ω∈Ω.
Proof. Since {Λω}ω∈Ω is a c-K-g-frame for H , by Definition 2.1, we have
A‖K∗f‖2 ≤
∫
Ω
‖Λωf‖2dµ(ω) ≤ B‖f‖2, f ∈ H.
Also,
A‖(TK)∗f‖2 = A‖K∗T ∗f‖2 ≤
∫
Ω
‖ΛωT ∗f‖2dµ(ω)
≤ B‖T ∗f‖2 ≤ B‖T ∗‖2‖f‖2, f ∈ H
Therefore {ΛωT ∗}ω∈Ω is a c-TK-g-frame for H with respect to {Hω}ω∈Ω. 
Corollary 3.5. Let K ∈ B(H). If {Λω}ω∈Ω is a c-K-g-frame for H with
respect to {Hω}ω∈Ω, then {Λω(K∗)N}ω∈Ω is c-KN+1-g-frame for H with respect
to {Hω}ω∈Ω, where N is a natural number.
4. Perturbation of c-K-g-frames
Perturbation of discrete frames and frames associated with measurable spaces
(c-frame) have been discussed in [5] and [9], respectively, and perturbations of
g-frames, c-g-frames and their dual have been discussed in [14], [21] and [1].
Stability and perturbation of K-g-frames have been investigated in [3], [22, 23]
and [11]. In this section, we introduce perturbation of c-K-g-frames.
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Theorem 4.1. Let {Λω}ω∈Ω be a c-K-g-frame for H with bound A,B and
{Γω}ω∈Ω be a family of operators such that {Γω}ω∈Ω is strongly measurable for
each f ∈ H. If there exist constants λ1, λ2, γ ≥ 0 such that max{λ2, γA+λ1} < 1
and for each f, g ∈ H,
∫
Ω
∣∣〈(Λ∗ωΛω − Γ∗ωΓω)f, g〉∣∣dµ(ω) (4.1)
≤ λ1
∫
Ω
∣∣〈Λ∗ωΛωf, g〉∣∣dµ(ω) + λ2
∫
Ω
∣∣〈Γ∗ωΓωf, g〉∣∣dµ(ω) + γ‖K∗f‖2,
then {Γω}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω with bounds
(1− λ1)A− γ
1 + λ2
and
(1 + λ1)B + γ‖K‖2
1− λ2 .
Proof. For each f, g ∈ H,
∣∣∣ ∫
Ω
〈Γ∗ωΓωf, g〉dµ(ω)
∣∣∣ ≤ ∫
Ω
∣∣〈(Λ∗ωΛω − Γ∗ωΓω)f, g〉∣∣dµ(ω)
+
∫
Ω
∣∣〈(Λ∗ωΛωf, g〉∣∣dµ(ω)
≤ (λ1 + 1)
∫
Ω
∣∣〈Λ∗ωΛωf, g〉∣∣dµ(ω)
+ λ2
∫
Ω
∣∣〈Γ∗ωΓωf, g〉∣∣dµ(ω) + γ‖K∗f‖2.
So for each f, g ∈ H ,
∫
Ω
∣∣〈Γ∗ωΓωf, g〉∣∣dµ(ω) ≤ 1 + λ11− λ2
∫
Ω
∣∣〈Λ∗ωΛωf, g〉∣∣dµ(ω) + γ1− λ2‖K∗f‖2.
Hence for each f ∈ H ,
∫
Ω
‖Γωf‖2dµ(ω) ≤ 1 + λ1
1− λ2B‖f‖
2 +
γ
1− λ2‖K‖
2‖f‖2
≤ (1 + λ1)B + γ‖K‖
2
1− λ2 ‖f‖
2.
Therefore {Γω}ω∈Ω is a c-g-Bessel family for H .
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Now we show that {Γω}ω∈Ω has the lower c-K-g-frame condition. For each
f ∈ H ,∫
Ω
‖Γωf‖2dµ(ω) =
∫
Ω
∣∣〈Γ∗ωΓωf, f〉∣∣dµ(ω)
=
∫
Ω
∣∣〈Γ∗ωΓωf − Λ∗ωΛωf + Λ∗ωΛωf, f〉∣∣dµ(ω)
≥
∫
Ω
∣∣〈Λ∗ωΛωf, f〉∣∣dµ(ω)−
∫
Ω
∣∣〈Γ∗ωΓωf − Λ∗ωΛωf, f〉∣∣dµ(ω)
≥
∫
Ω
‖Λωf‖2dµ(ω)− λ1
∫
Ω
‖Λωf‖2dµ(ω)
− λ2
∫
Ω
‖Γωf‖2dµ(ω)− γ‖K∗f‖2.
Then for each f ∈ H ,∫
Ω
‖Γωf‖2dµ(ω) ≥ 1
1 + λ2
[
(1− λ1)
∫
Ω
‖Λωf‖2dµ(ω)− γ‖K∗f‖2
]
≥ 1
1 + λ2
[
(1− λ1)A‖K∗f‖2 − γ‖K∗f‖2
]
≥ (1− λ1)A− γ
1 + λ2
‖K∗f‖2.

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